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For a fc- variety X let X^o '■= Mor(Spec X) denote the space of arcs. Note 
that Xao is a (non-noetherian) scheme. Assume for simphcity that {x € X) is an 
isolated singularity and let Xoo{x) C X^o denote those arcs that pass through x. 

A preprint of Nash, written in 1968 but only published later as |Nas95j . describes 
an injection (now called the Nash map) from the irreducible components of Xao {x) 
to the set of so called essential divisors. These are the divisors whose center on X 
equals {x} and that appear on every resolution of X. The Nash problem asks if 
this map is also surjective or not. This was shown to fail in dimensions > 4 |IK03| 
but it is true in dimension 2 [FdBPll] . The recent paper |dF12j proves that the 
Nash map need not be surjective in dimension 3. 

The aim of this note - which grew out of my attempt to understand what is 
behind some computations of [dF12| - is to give simpler examples in dimension 
3. In essence, the simplest possible singularities already work. The following is 
obtained by combining Propositions [2] and [3l 

Example 1. The Nash map is not surjective for Xm := (x^+y^ + z^+i™ = 0) C 
for all odd to > 5. 

On the one hand, this can be interpreted to mean that the Nash problem hope- 
lessly fails in dimension 3. On the other hand, the proof leads to a reformulation 
of the Nash problem and to an approach that seems feasible in dimension 3 (fT6|) . 

From now on we work over an algebraically closed field k whose characteristic is 
different form 2. In order to enumerate both sides of the Nash map, we start by 
exhibiting some singularities (0 G X) for which Xoo(O) is irreducible. 

Proposition 2. Let (0 G X) be an isolated cAi-type singularity of dimension > 3. 
Then Xo^iO), the space of arcs through 0, is irreducible. 

In some coordinates write a hypersurface singularity (0 G X) as {f{xi , ■ ■ ■ , Xn+i) = 
O). Let /2 denote the quadratic part of /. Then (/2 = 0) is the tangent cone of X 
at the origin and c^i-type means that rank /2 > 3. 

Note that by adding 3 squares in new variables we get a map from hypersurface 
singularities in dimension n (modulo isomorphism) to c^i-type hypersurface sin- 
gularities in dimension n + 3 (modulo isomorphism) . This map is one-to-one and 
onto; see |AGZV85l Sec. 11.1]. Thus cAi-type singularities are quite complicated in 
large dimensions. 

In dimension 3, the only c^i-type singularities are Xm ■= {x'^ + y'^ + z"^ + — 0) 
for m > 2. Already |Nas95|, p. 37] proved that they have at most 2 essential divisors. 
Then we use the method of [dF12|, 4.1] to determine the precise count. 

Proposition 3. Set A„ (a;^ + y'^ + + = 0) C C"*. 

(1) If m > 5 is odd, there are 2 essential divisors. 

(2) // TO > 2 is even or m — 3, there is 1 essential divisor. 
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Even in dimension 3, it seems surprisingly difficult to determine the set of es- 
sential divisors. If X has terminal hypersurface singularities then all divisors E 
with a{E,X) = 1 are essential and the method of 'dF12', 4.1] gives a good way to 
study the a{E,X) = 2 cases. By contrast, the computations in ,Nas95. p. 37] (see 
also Lemma p2t ) seem to be just lucky. The papers |Hay05a[ |Hay05b| contain 
important related results. 

Proof of Proposition [2l 

In this section (0 E X) denotes a c^i-type singularity and (j> : SpecA:[[t]] — > X 
an arc whose image is not contained in SingX. 

Let TT : BqX X denote the blow-up of the origin and E C BqX the exceptional 
divisor. Then (j> lifts to an arc (j> : Spec k[[t]] — > BqX. Let p £ E denote the image 
of the closed point. 

The arc (j) : Specfc[[i]] X is called smooth if <f> is unramified and general if p 
is a smooth point of E. Equivalently, if the tangent cone of X is smooth along the 
tangent direction of (/>. 

Since rank/2 > 3, i? is irreducible and its smooth locus is connected. Thus 
general smooth arcs form an irreducible family. It is therefore enough to prove the 
following. 

Proposition 4. Let (0 € X) he an isolated cAi-type singularity of dimension > 3. 
Then the general smooth arcs are dense in Xoo(O). 

By |FdBP12| this implies that every arc is a limit of general smooth arcs. That 
is, given any cj) : k[[t]] X there is an extension of it to $ : k[[t, s]] — >■ X such that 
the induced <I>s : fc((s))[[t]] X is a. general smooth arc. 

The key steps are the next two lemmas. 

Lemma 5. Let (f> : SpecA:[[t]] X be a general smooth arc. Then, in suitable 
coordinates we can write the equations as 

X := {^xiX2 + x'^ + F{x4, . . . , Xn+i) — 0) and (f)* xi = t, (f)*Xi = : i > 1. 

Proof. Since </> is a smooth arc, (j)*xi — t and (jfxi = : i > 1 are easy to arrange. 
Then we apply the Morse lemma with parameters as in jAGZV85l Sec. 6. 2] to get 
the usual normal form as above. 

Since we need only a formal coordinate change, this can also be done as a step- 
by-step method as follows. 

Assume that we already have the equation of X in the form 

X1X2 +xl+ FmiXi, Xn+l) + Hrn{xi, . . . , X^+l) = 

where Hm G {xi,X2,X3) ■ (xi, . . . ,Xn+i)"^- Since the xi-axis is contained in X, no 
term in Hm is a pure xi -power. Thus we can write the degree m-\-l part of Hm as 

Xi4>2 + X2(f)i + 2x3(j)3 where 0i e (xi, . . . , a;„+i)™ 

and the vanish along the xi-axis. Thus in the new coordinates 

(a;i,...,a;Ii+i) = {Xl -4>1,X2 -4>2,X3 -4)3,X4:,...,X„+i) 

the equation of X becomes 

x'ix'2 + x'^ + Fm+l{x'^, . . . , x'n^i) + Hm+l{x'i, . . . , x'^_^i) — 

where H^+i G • (x'l, . . . , □ 
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Lemma 6. Let (p he an arc that becomes smooth and general after one blow-up. 
Then (j) is a limit of general smooth arcs. 

Proof. Let E C BqX be the exceptional divisor and p e BqX the center of 
(j). Apply (lU and choose coordinates x[ such that imt^ is the x'j^-axis and B^X is 
locally given by + x'^ + F{x'^, . . . , x'^_^_i) = 0. 

Note that is a quadric of rank > 3, thus its singular set has codimension > 2. 
Since E n {x2 — 0) has dimension > dim E — I, we can choose a parametrized curve 
in it given by 

T*{x'i,..-,x'n+i) = (ri(s),0,T3(s), . . . ,r„+i(s)) 

such that r(0) = p and E is smooth elsewhere along the image of r. Then 

<^*{x[, . . . := (t + ri(s),0,T3(s), . . . ,r„+i(s)) 

is a deformation of cf) to an arc through a smooth point of E. We can then make 
the arc transversal to E hence its image in X is a general smooth arc. □ 

7 (Proof of ([4])). Given any arc (f> we want to write it as a limit of general smooth 
arcs. The proof is by induction on the number of blow-ups needed to make the 
blow-up of X smooth along the lift of (p. 

For 1 blow-up we can perturb (j) freely to pass through a smooth point of E. 

In general, we get (jj mapping to BqX which can be resolved by fewer blow-ups. 
Thus, by induction, is a limit of general smooth arcs 0^, hence is a limit of 
arcs (ps that become smooth after 1 blow-up. By each (ps is a limit of general 
smooth arcs. □ 

Proof of Proposition [3l 

8 (Resolving X,„). Blow up the origin to get tti : X„i_i :— B^Xm X^. The 
exceptional divisor is the singular quadric Ei = {xy + — 0) C P^{x,y, z,t). 
BoXm has one singular point, visible in the chart 

{xi,yi,zi,t) := {x/t,y/t,z/t,t) 

where the local equation is xiyi + zf — i™^^ = 0. We can thus blow up the origin 
again and continue. After r := [^J steps we have a resolution 

Ilr ■ Xm^r ^ Xm^r—1 ^ ' ' ' ^ A'.m.i )■ Xm- 

We get r exceptional divisors Er, . . . , Ei. For 1 < c < r the divisor Ec first appears 
on Xm,c- At the unique singular point one can write the local equation as 

X^,, = (xcyc + zl - t"'-^^ ^ 0) and E,^{t^O). 

where 

{xc,yc,Zc,t) := {x/t'',y/t'',z/t'',t) 
We thus need to decide which of the divisors i?i ,...,£', m , are essential. It is easy 

L 2 J 

to see that Ei is essential and a lucky computation ([12]) shows that E3, . . . , E, m . 

L 2 -I 

are not. (This is actually not needed in order to establish Example[T]) The hardest 
is to decide what happens with E2. 

Lemma 9. Ei appears on every resolution of X^ whose exceptional set is a divisor. 

More generally, let p :Y Xm be any (not necessarily proper) birational map 
from a smooth variety Y such that centery Ei C Y is not empty. Then centery Ei 
is an irreducible component of the exceptional set Ex(p) . 
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Proof. Set Wi := centery Ei C Y. Let Fi C Y he the exceptional divisors and 
note that 

a{Ei,X„,) > (codimy Wi - l) + J2^ niultw, F, ■ a{F„X^). (01) 

Note that is terminal, a{Ei, X^) = 1 and a{Fi,Xm) > 1 f^or every i. 
If Wi is not an irreducible component of Ex(p) then Wi C Fi form some i and 
then both terms on the right hand side of (jUl) are positive, a contradiction. □ 

Lemma 10. Ifm G {2,3} then BqX is smooth, hence the only essential divisor is 
El. □ 

Lemma 11. If m is even then there is a divisorial resolution whose sole exceptional 
divisor is birational to Ei . Thus the only essential divisor is Ei . 



Proof. The m — 2 case is in (|T0|) . hence we assume that to > 4 and set a = 
(to-2)/2. 

Then B^Xm has one singular point with local equation xiyi + z\ ~ = 0. 

Next blow up D := {xi = zi - t° = 0) to get t : BoBoXm BoXm- We see 
that BoBoXm is smooth and n o t : B^BoXm X„i has 1 smooth exceptional 
divisor which is birational to i?i . □ 

Lemma 12. [Nas95[ p. 37] The divisors E^, . . . , Ej, are not essential. 

Proof. If m is even, this follows from (fTTj) . but for the proof below the parity of 
TO does not matter. 

If 26 > a > and m > a then {u,v,w,t) i-> {ut,vt°-'^^ ,wt''+^ ,t) ~ {x,y,z,t) 
defines a birational map 

5(a, 5, to) : Zab„. := {uv + wh^''-'' - f'-^-a = q) ^ 

Note that Ex(^g{a, b, to)) = (t = O) is mapped to the origin and Zabm is smooth 
along the w-axis, save at the origin. 

If 1 < c < to/2 then {xc,yc, Zc,i) {xcf^ jycf^ , Zct^ ,t) — (x,y,z,t) defines a 
birational map 

h[c, to) : := [x^yc + zl - t"'-"^" = O) ^ X^. 

By composing we get a birational map g{a, b, to)~^ o /i(c, m) : Yc Zabm given by 

{Xc,yc,Zc,t) [xct"^'^ ,yct''~''~'^ , zj,"^^^'^ ,t) ^ {u,v,w,t) 
which is a morphism ifc>a+l,5+l. Ifc = a+1 and c > b + I then we have 

{Xc,yc,Zc,t) H> {Xct''^'^,yc,Zct''^''^^,t) = {u,v,w,t) 

which maps Ec to the w-axis. 

If c > 3 then by setting a — c— 1,6 = c — 2 we get a birational morphism 
p(c, to) :— g{c, c— 1, m)~^ o h{c, to) given by 

{xc,yc,Zc,t) 1-^ {xct'',yc,Zct,t) = {u,v,w,t). 

Note that 

p(c, m) : = (Xeyc + 2' - t""'" = 0) ^ (Ul- + _ ^m-c ^ ^ Z,,,_i,^ 

maps Ec onto the w-axis. Thus Ec is not essential for c > 3. □ 
Lemma 13. If m > 5 is odd then E2 is essential. 
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The proof follows an argument in |dF12| 4.1]. Let p :Y Xm be any resolution 
and set W2 ■= centery E2 C Y. Since Xm is factorial (here we use that m is odd), 
Ex(p) has pure dimension 2. 

Using that a{E2,Xm) = 2, (Of) implies that if W2 is not a divisor then W2 is a 
curve, there is a unique exceptional divisor F dY that contains W2, -F is a smooth 
at the general point of W2 and a{F,Xm.) = 1- 

If p(-F) is a curve then W2 is an irreducible component of p^^(O). The remaining 
case is when p{F) = 0, thus F = Ei. 

Since t vanishes along E2 with multiplicity 1, it also vanishes along W2 with 
multiplicity 1. Since p*x,p*y,p* z,t all vanish along Ei ao p*{x/t),p*{y/t),p*{z/t) 
are regular generically along W2- Thus tt^^ o p : Y Xm.i is a morphism 
generically along W2 ■ Note that our E2 is what we would call Ei if we started with 
Xm,i- Applying © to F Xjn,i we get a contradiction. □ 

A revised version of the Nash problem. 

In this section we use the proof of (|6]) to propose a revised version of the Nash 
problem. 

Definition 14. Let X be a fc- variety, K D k a field extension and (j) : Specj. K[[t]] 
X an arc such that Supp (/>^^(Sing A") — {0}. A sideways deformation of is an 
extension of to a morphism $ : Specj, K[[t, s]] — !> X such that Supp $^^(Sing X) = 
{(0,0)}. 

We say that X is arc-wise Nash-trivial if every general arc in Aoo(Sing A) has a 
sideways deformation. 

The main steps of the counter example in jIK03| was to prove that the cone over 
a smooth cubic 3-fold is arc-wise Nash-trivial and then to argue that essentially any 
(0 e A) such that BqX has a singularity that is arc-wise Nash-trivial is a counter 
example. 

Definition 15. Let A be a fc-variety. A divisor E over A is called very essential 
if the following holds. Let p : F — >■ A be a proper, birational morphism such that 
Y is Q-factorial and has only arc-wise Nash-trivial singularities. Then centery E is 
an irreducible component of (Sing A). 

It is easy to see that the Nash map is an injection from the irreducible components 
of Aoo(SingA) to the set of very essential divisors. One can hope that there are 
no other obstructions. 

Problem 16 (Revised Nash problem). Is the Nash map surjective onto the set of 
very essential divisors for normal 3-folds? 

As a first step, one should consider the following. 

Problem 17. In dimension 3, classify all arc-wise Nash-trivial singularities. 

Hopefully they are all terminal and a complete enumeration is possible. 

Acknowledgments. I thank T. de Fernex for showing me early versions of his 
works and for helpful discussions and corrections. Partial financial support was 
provided by the NSF under grant number DMS-07-58275. 



6 



jAnos kollAr 



References 

[AGZV85] V. I. Arnol'd, S. M. Gusein-Zade, and A. N. Varchenko, Singularities of differentiable 
maps. Vol. I-II, Monographs in Mathematics, vol. 82—83, Birkhauser Boston Inc., 
Boston, MA, 1985, Translated from the Russian by Ian Porteous and Mark Reynolds. 

MR 777682 (86f:58018) 

[dF12] Tommaso de Fernex, Three-dimensional counter-examples to the Nash problem, ArXiv 
e-prints (2012). 

[FdBPll] J. Fernandez de Bobadilla and M. P. Pereira, Nash problem for surfaces, ArXiv e-prints 
(2011). 

[FdBP12] , Curve selection lemma in infinite dimensional algebraic geometry and arc 

spaces, ArXiv e-prints (2012). 
[Hay05a] TaJcayuki Hayakawa, Gorenstein resolutions of 3-dimensional terminal singularities, 

Nagoya Math. J. 178 (2005), 63-115. MR 2145316 (2006d:14013) 
[Hay05b] , A remark on partial resolutions of 3-dimensional terminal singularities, 

Nagoya Math. J. 178 (2005), 117-127. MR 2145317 (2007b:14030) 
[IK03] Shilioko Ishii and Janos KoUar, The Nash problem on arc families of singularities, 

Duke Math. J. 120 (2003), no. 3, 601-620. MR MR2030097 (2004k:14005) 
[Nas95] John F. Nash, Jr., Arc structure of singularities, Duke Math. J. 81 (1995), no. 1, 31-38 

(1996), A celebration of John F. Nash, Jr. MR 1381967 (981:14011) 



Princeton University, Princeton NJ 08544-1000 
kollarSmath . princeton . edu 



